Elliptic Gromov-Witten Invariants And Virasoro 

Conjecture 



Xiaobo Liu 



The Virasoro conjecture predicts that the generating function of Gromov-Witten in- 
variants is annihilated by infinitely many differential operators which form a half branch 
of the Virasoro algebra. This conjecture was proposed by Eguchi, Hori and Xiong |[EHX2 



and also by S. Katz [|^a| (see also ||E JX|| ) . It provides a powerful tool in the computation 



of Gromov-Witten invariants. In ||L'I]| , the author and Tian proved the genus-0 part of 
the Virasoro conjecture. The main purpose of this paper is to study the genus-1 part of 
this conjecture. 

The system of Gromov-Witten invariants relevant to this paper are the so called de- 
scendant Gromov-Witten invariants. These invariants arose in the theory of topological 
sigma model coupled to gravity |[W2 |. Mathematical definition for such invariants was 



given in | |K1'2| ] for semipositive symplectic manifolds. Using virtual moduli cycles (| |Li'l'l| | 



LiT2|| , and also pF|| ), these invariants can also be defined for all compact symplectic 
manifolds and, in purely algebraic geometric setting, for smooth projective varieties. In 
this paper, we consider descendant Gromov-Witten invariants for a smooth projective 
variety V. For simplicity, we assume that H°'^'^(y,C) = 0. Fix a basis {71, . . . ,7Ar} of 
H*{V, C) with 7i equal to the identity of the cohomology ring of V and 7q, G ifP"''?°'(V, C) 
for every a. For any non-negative integer g and A G if2(V, Z), let (r„j^aj . . - Tnt^ai^gA 
the genus g degree A descendant Gromov-Witten invariants associated with cohomology 



classes 7q,^, . . . , 7aj. and non-negative integers ni, . . . , (See Section |LT| for the defini- 
tion of Gromov-Witten invariants). Summing up the Gromov-Witten invariants over all 
degrees, we obtain a quantity which is called the fc-point correlators in the theory of 
topological sigma model: 

(Tni,oi • • • '^nk,ak) g ■— 5Z ^ ('^ni.cn • • • '^rafc,Ofe)g_A ' 

AgH2{V,I.) 

where belongs to the Novikov ring (i.e. the completion of the multiplicative ring gener- 
ated by monomials = ■ ■ ■ df^^ over the ring of rational numbers, where {di, ■ ■ ■ , d^} 
is a fixed basis of if2(V, Z) and A = YH=i^id'i)- The generating function of genus-^f 
Gromov-Witten invariants is defined by 

k>0 



ni,...,nfc 



where T = {f^ \ n G = I,---, A^} is an infinite set of parameters. The space of 

all parameters T is called the hig phase space. This is an infinite dimensional space with 
coordinates {t"}. The finite dimensional subspace {T | = if n > 0} is called the 
small phase space. The function Fg is understood as a formal power series of T. The 
generating function for Gromov-Witten invariants of all genera is defined to be 

Z(T;A):=exp5:A^^~^F,(T), 
<;>o 

where A is another parameter which is used to separate information from different genera. 
In topological sigma model, Fg is called the genus-(7 free energy function and Z is called 
the partition function. 



In [[EHX2|] , Eguchi, Hori, and Xiong constructed a sequence of linear differential oper- 



ators, denoted by L„ with G Z, on the big phase space (See Section [1.5|) . They checked 
that these operators define a representation of the Virasoro algebra with the central charge 
equal to the Euler characteristic number of V under a condition which is equivalent to 
the vanishing of the Hodge number h^^'^iy) for p ^ q. These operators were modified by 
S. Katz so that the last condition is not needed. They conjectured that L^Z = for all 
n > —1. This conjecture is called the Virasoro conjecture and the equation LnZ = is 



called the L„ constraint. The L_i constraint is the string equation (cf. [|W2|] ). The L 



constraint was discovered by Hori Both of these two constraints hold for all mani- 
folds. When the underlying manifold is a point, the Virasoro conjecture is equivalent to 
a conjecture by Witten ||W2|| which predicted that the corresponding generating function 
is a r-function of the KdV hierarchy. Witten's conjecture was proved by Kontsevich ||Ko|| 
and also by Witten | |W3| |. For arbitrary manifolds, we can write 



L„Z(T; A) = 1^ ^,,„A23-2| Z{T; A). 

The Ln constraint is equivalent to \E'g_„ = for all g > 0. The equation \E'g „ = is called 
genus-g Ln- constraint. It is, in general, a non-linear partial differential equation involving 
all free energy functions F^' with < g < g. The genus-g Virasoro conjecture predicts 
that for all n > — 1, the genus-f? L„ constraint is true. The genus-0 Virasoro conjecture 
was first proved in | |L1|| . Later, alternative proofs were given in | pZ2| and | |G2| ]. We will 
give a brief review to the genus-0 case in Section |1.6| . The genus- 1 Virasoro conjecture 

There is a 
In this 



for manifolds with semisimple quantum cohomology was proved in |PZ2 



discussion of Virasoro conjecture for degree Gromov-Witten invariants in 
paper, we study the genus-1 Virasoro conjecture without assuming semisimplicity. The 
generating functions relevant to the genus-1 case are Fq and Fi. As in the genus-0 case, 
most of our discussions only use basic properties of quantum cohomology, therefore could 
be extended to the setting of abstract Frobenius manifolds. 

In most part of this paper (except Section |) we will deal with the small phase space 
which can be identified with H*{V, C). We will write the coordinates simply as t° and 
identify the coordinate vector fields ^ with cohomology classes ja- The restriction of 
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Fg to the small phase space is denoted by Fg. The third derivatives of Fq defines a ring 
structure, called the quantum cohomology ring, on each tangent space of the small phase 
space. This enables us to take product, called the quantum product, of two vector fields on 
the small phase space. There are two special vector fields on the small phase space. One 
is 7i, which is also the identity element with respect to the quantum product. Another 
one is the so called Euler vector field, which is defined by 

E:=Ci{V) + Y.{bi + l-b^)t'''j^, 

a 

where ci{V) is the first Chern class of V and ba = Pa — ^(dimcT^ — 1). Note that usually 
the holomorphic dimension p^ is replaced by a half of the real dimension of 7^. This 
modification is due to S. Katz. Let E'' be the fc-th quantum power of E, i.e. 

E^ := E»---»E, 



where • denotes the quantum product. Here we use the convention that E^ = 71 and 
E^ = E. It is perhaps well known that {E^ \ k > 0} form a half branch of the Virasoro 
algebra, i.e. 

[E^ E""] = (m - k)E"'+^-^. (1) 
This fact was used in [pZ2|| without giving a proof. A proof of this can be found in 



|[HM|| (see also the remark after equation ([T9|)). It is also well known that E^Fl = and 
EFl = const. In Section |^, we will prove the following 

Theorem 0.1 For any manifold V and k > 0, the genus-1 data E^Fl — {k/2)E^~^E'^Fl 
can he represented by derivatives of Fq. 



See Theorem |2.4| for a more explicit form of this theorem. According to this theorem, 
if we know that E Fl can be represented by genus- data, so does E^F( for all > 0. 
When restricted to the small phase space, the genus-1 L\ constraint is equivalent to say 
that E'^F^ is equal to the following function 



lA^.l^Po) + \ (bab, - ^1 lal.F^ I , (2) 
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where {rj"''^) is the inverse matrix of the intersection form on V, V is the fiat connection 
and ^ = V^tVt, — Vv„t) is the second covariant derivative. In Section ^, we will prove 
that this last condition implies the genus-1 L„ constraints for all n > 1. 

Theorem 0.2 For any manifold V, the genus-1 Virasoro conjecture holds if and only if 
E^Fl = 02. 



Theorem |0.1| gives an expression for E^F( in terms of E'^F( and genus-0 data. If we 
replace E'^Fl in this expression by 02 and denote the resulting expression by 0^ for k > 2, 
then 0fc is a function only involves genus-0 data (see formula (pG]) and Theorem |3.9| for 
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explicit forms of this function). We also define 0o = and 0i equal to the constant in 
EFl. Because of the relation (|l|), a necessary condition for E'^Ff = 02 is the following 

E'<j)m - E^(t>k = (m - (3) 

for all m, k > 0. In Section ^, we will prove that this condition is always satisfied. 

Theorem 0.3 For any manifold V , equality ([^ always holds. 

At each point of the small phase space, the quantum powers of the Euler vector field 
span a subspace of the tangent space. The dimension of this subspace may vary as the base 
point changes. In an open subset, this dimension is constant and the quantum powers of 
the Euler vector field define an integrable distribution. Therefore one can talk about leaves 
of this distribution. In fact, in a proper sense, leaves of any collection of vector fields on 
a finite dimensional manifold are always well defined and are immersed submanifolds (see 
ISuH ). Each leaf of {E'^ | > 0} is a finite dimensional smooth submanifold, which may 
not be flat with respect to the intersection form, and therefore may not be a Frobenius 
manifold itself. On each leaf (restricting to an open subset if necessary), there exists a 
finite number n such that 

= x: fkE', (4) 

k=0 

where fkS are smooth functions on the leaf. Another necessary condition for E'^Ff = (j)2 
is that, on each leaf, 

n 

(f)n+l = fk(t>k- (5) 
fc=0 

We conjecture that this condition is always satisfied. This can be verified easily for mani- 
folds with semisimple quantum cohomology. In fact, equations (^) and (||) are equivalent 
to the existence of a local potential function whose derivative along E^ is 0^ for all k. 
For manifolds with semisimple quantum cohomology, such a potential function exists 
globally and can be explicitly expressed in terms of the r-function of the isomonodromy 
deformation (c.f. [ PZ2|| proof of Proposition 4). 

Definition 0.4 We say that a manifold V has non-degenerate quantum cohomology if 
at generic points of the small phase space, there exists an integer m > 1 such that E"^ is 
contained in the linear span of {E^, \ k > 0}, where := Y^^=o{E'^ fi)E\ 

We have the following 

Theorem 0.5 For any manifold V with non- degenerate quantum cohomology, if equality 
(j^ is satisfied , then the genus- 1 Virasoro conjecture holds. 

This theorem will be proved in Section ^. Because of this theorem, it would be interesting 
to know which manifolds have non-degenerate quantum cohomology. We first note that 
vector fields Z^, can also be defined by /j's without taking derivatives (see Remark p.2| and 



Remark 6^). Therefore the property of being non-degenerate can be checked pointwise. 
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In Section ^ we will give some sufficient conditions for the non-degeneracy. In particular, 
if the quantum cohomology of a manifold is semisimple, it must also be non-degenerate. 
As a corollary of Theorem |0.5| , the genus-1 Virasoro conjecture holds for manifolds with 
semisimple quantum cohomology. This fact was proved before in [pZ2|| . In the approach 
of |pZ2|| , the assumption of semisimplicity was needed from the very beginning since 
the canonical coordinates are used throughout all calculations. While in our approach, 
this is a corollary of a more general result and our assumption of non- degeneracy only 
comes at the last step. We would also like to make a comparison between the non- 
degeneracy condition and the semisimplicity condition. If a manifold has semisimple 
quantum cohomology, then at generic points, the powers of the Euler vector field span 
the entire tangent spaces. But for manifolds with non-degenerate quantum cohomology, 
this may not be the case. Even if we assume that the powers of the Euler vector field 
span tangent spaces, the non-degeneracy condition is still weaker than semisimplicity (we 
will see this through Lemma its corollaries, and examples at the end of Section H). 
Moreover, to verify semisimplicity, we need to know the quantum product of the Euler 
vector fields with tangent vectors in all directions. But, to verify non- degeneracy, we only 
need to know the quantum powers of the Euler vector field. Therefore it might be much 
easier to give a more geometric characterization. We recall a conjecture by Tian which 
predicts that all Fano varieties (which by definition have positive first Chern classes) have 
semisimple quantum cohomology Q. This conjecture was verified for Grassmannians and 



complete intersections of low degrees (see ||TX|| ) . In general, it is still an open conjecture. 



A weaker version of this conjecture would be that all Fano varieties have non-degenerate 
quantum cohomology. Since the definition of the Euler vector field explicitly involves the 
ffist Chern class, it might be easier to verify this weaker version of Tian's conjecture. We 
would like to study this in another paper. 

The author would like to thank V. Kac, G. Tian, and E. Witten for very helpful discus- 
sions. He is grateful to G. Tian for encouragement during this work and collaboration in 
the previous work. The author is partially supported by an NSF postdoctoral fellowship. 



1 Preliminaries 

In this section we recall the definition of Gromov- Witten invariants. Quantum cohomology, 
and some well known facts. We will also set up notation conventions used in this paper 
and define the Virasoro operators. In Section |1.6| , we give a brief review of the genus-0 
Virasoro conjecture. 



1.1 Gromov- Witten invariants 

Gromov- Witten invariants are defined via the intersection theory of moduli spaces of 
stable maps from Riemann surfaces to a fixed manifold V. For any element A G H2{V, Z) 
and non-negative integers g and k, the moduli space A4g^kiV,A) is defined to be the 
collection of all data (C; xi, . . . , X/t; /) where C is a genus-f? projective connected curve 
over C whose only possible singularities are simple double points, smooth 
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points on C (called marked points), and / is an algebraic map from C to which is 
stable with respect to . . . (i.e. there is no infinitesimal deformation for this 

data). Each marked point Xi defines a map, called the z-th evaluation map, 

{C;xi,...,Xk;f) I — > fixi). 

It also defines a line bundle over A4g,k(y, A), denoted by Ei, whose fiber over (C; Zi, . . . , Xk, /) 
is T*.C. For any cohomology classes 71,..., 7^ G H*(y,C) and non-negative integers 
rii, . . . ,nk, the corresponding descendant Gromov-Witten invariants are defined by 

(v(7i)---^n,(7fc)),,A= L , ..,,Ci(Ei)"^Uevt(70U---Uci(Efc)"^Uev*(7,), 

where A4g^k{V,A) is the virtual fundamental class of 7Wg,fc(V, ^) (cf. |[LiTl|| ). When 
all nj's are zero, the corresponding invariants are called primary Gromov-Witten invari- 
ants. The notation Tn^a which was used in the introduction will be explained in the next 
subsection. 



1.2 Convention of notations 

We will use d to denote the complex dimension of V and let be the dimension of 
the space of cohomology classes H*{V,C). To define the generating functions, we need 
to fix a basis {71, . . . ,7Ar} of H*{V,C) with 71 equal to the identity of the cohomology 
ring of V and 7^ G 11^°"'^°' {V, C) for every a. We also arrange the basis in such a way 
that the dimension of is non-decreasing with respect to a and if two cohomology 
classes have the same dimension, we also require that the holomorphic dimension pa is 
non- decreasing. We will abbreviate Tni^ja) as t^^q, and identify tq^q, with ja- For each 
Tn,a, we associate a parameter and the collection of all such parameters is denoted by 
T = (t" I n G a = 1, . . . , A^), where is the set of non- negative integers. The space 
of all T's is the big phase space and its subspace {T | t° = if n > 0} is the small phase 
space. For convenience, we will always identify the symbol r„ ,^ with the tangent vector 
field ^ on the big phase space. We also consider r„ „ with n < as a zero operator. On 
the small phase space, we write simply as and also identify the cohomology class 7^ 
with the vector field 

As in the introduction, we can define the partition function Z and free energy function 
Fg on the big phase space. These are the generating functions of the corresponding classes 
of Gromov-Witten invariants. The restriction of Fg to the small phase space are denoted 
by Fg. As in ||L'1'| | , we will denote the tensor defined by the k-th covariant derivative of 



Fg hy {{ ))g- This is a symmetric /c-tensors on the big phase space defined by 



Qk 

{{Tmi,ai'Tm2,a2 " " " Tm^^ak)) g •= a^aj Jl^aa oI^Fg- 
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This tensor is called the k-point (correlation) function. The corresponding tensor on the 
small phase space is denoted by (( ))g 

k 

Besides the above notations, we will also use the following convention throughout the 
paper unless otherwise stated. Lower case Greek letters, e.g. a, (3, fi, u, a,..., etc., will be 
used to index the cohomology classes. The range of these indices is from 1 to A^, where N 
is the dimension of the space of cohomology classes. Lower case English letters, e.g. i, j, 
k, m, n, etc., will be used to index the level of descendents. Their range is the set of 
all non-negative integers, i.e. Z_|_. All summations are over the entire ranges of the indices 
unless otherwise indicated. Let rja/s = Jyla ^1/3 be the intersection form on H*(y,C). 
We will use rj = {rjap) and rj~^ = {j]"^^) to lower and raise indices. Let C = (Cf ) be the 
matrix of multiplication by the first Chern class Ci{V) in the ordinary cohomology ring, 
i.e. 

Ci(F)U7a = ECV (6) 

/3 

Since we are dealing with even dimensional cohomology classes only, both t] and Crj are 
symmetric matrices, where the entries of Crj are given by Cai3 = Jv ci{V) U 7q, U 7/3. Let 

ba=Pa-^{d-l), (7) 

where d = dimcV. The following simple observations will be used throughout the cal- 
culations without mentioning: If 77"^ 7^ or ria/3 7^ 0, then ba = 1 — bp. 7^ implies 
bf3 = 1 + ba, and Ca/3 7^ implies bp = —b^. 

Instead of coordinates {t^ |mez+,a = l,..., A^}, it is very convenient to use the 
following shifted coordinates on the big phase space 

r+a_1 ifrr?=n' = 1 
- - j otherwise. ^ ' 

1.3 Topological recursion relation 

Topological recursion relations reduce the levels of descendants in correlation functions. 
The genus-0 topological recursion relation has the following form (cf |[RT2|| and |[W2|| ): 



' 



for m > 0. In this formula, we used the convention that the indices of cohomology classes 
are raised by r]~^. Therefore 7*^ should be understood as V'^'^lp- This recursion relation 
implies the following genus-0 constitutive relation |pW|| , 



where u'^ = ((717'^) )o- This relation is an important building block in defining the r- 
function for Frobenius manifolds ||Du|| (which corresponds to Fq in the topological sigma 
model). 
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As noted by Witten [|W2|] , the genus-0 topological recursion relation implies the gen- 
eralized WDVV equation: 

When restricted to the small phase space, this equation is usually called the WDVV 
equation. It gives the associativity for the quantum cohomology which is defined by the 



third derivatives of Fq and r/"^ (see Section |0|) . On the big phase space, this equation 
is the key ingredient in the proof of the genus-0 Virasoro conjecture (cf. ||LT|| ) . 
The genus- 1 topological recursion relation is the following 

= E {{rrn,ala))o iiY)) 1 + ^ E (( W7a7'^))o • (9) 



This formula implies the genus- 1 constitutive relation ||DW 



F, = (eE..-..)^ + ^logdet(g), (10) 



where = ((7i7"))o- 



1.4 Some special vector fields on the big phase space 

In ||L'1]| , we introduced several special vector fields on the big phase space. These vector 
fields played very important role in the proof of the genus-0 Virasoro conjecture. The 
first one is the string vector field: 

S .= — E] trnTrn-l,a- 

The restriction of S to the small phase space is just 71. The famous string equation (cf. 



RT2|| and ||W2|| ) can be expressed as 



(('5)), = 2^.,oE^"/3^o^o- 

This equation is equivalent to Eguchi, Hori, and Xiong's L„i constraint. 
The second vector field is the Dilaton vector field: 

'D ■= — E] i-mTm^a- 

When restricted to the small phase space, this vector field does not tangent to the small 
phase space. The so called dilaton equation is the following: 

{{V))^ = i2g-2)F, + ^xiV)5,,,, 



where x(^) is the Euler characteristic number of V. This equation imphes the following 
(Lemma 1.2 in ^): 

{{1^rrn,a))o = - {{rm,a))Q, and ((I?r^,a7-„,/3))o = 0. (11) 
Of particular importance is the following vector field: 

m,a m,a,P 

When restricted to the small phase space, this vector field is the Euler vector field E 
mentioned in the introduction. Therefore we also call X itself the Euler vector field ( on 
the big phase space). As noted in |[EHX1|| , the divisor equation for the first Chern class 
Ci(y) together with the selection rule implies the following quasi-homogeneity equation: 

{{X))^ = 2{b, + 1)(1 - g)F, + l6,,oT.Capt^t^o ' ^'^,,1 / c^{V) U c,^^{V), 

a, 13 

where d is the complex dimension of V and Cj is the i-th Chern class. This equation 
implies the following (Lemma 1.4 in ||LT 



Lemma 1.1 



(i) {{X)), = 2{b, + l)Fo + -Y.Capt'^ot\ 



a.l3 



a, 13 



(ii) {{XTrn,a))o = (m + ba + bi + l) {{Trr,,a))o + ((^m-l,/3))o + Smfl^Capt^. 

(iii) {{XTm,a'rn,p))Q = SmfiSnflCa/S + {m + U + ba + bp) {{Tm,aT'n,p)) q 



In [p^Tf , we also introduced a sequence of vector fields which are the first derivative 
part of the Virasoro operators. The first four vector fields are 



-s, 

-X-{bi + l)V, 

J2{m + b^){m + 6„ + 1)C 

+ 5: (2m + 26„ + l)Cf Cr„,^ + ^ {CyXmTrn-i,p 

m,a,f3 m,a,(3 

^(m + 6„)(m + ba + l)(m + 6„ + 2)i^ 
+ J2 {3(m + 6„)2 + 6(m + 6,) + 2}cfC 

m,a,f3 

+ E 3(m + &„ + l)(C^)&^,^+ Y: {CYaCr^-W 

m,,a,f3 m,a,l3 



(12) 
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The following formulas were proved in 



P^T|| and will be used later: 



((7m>^o7^))o 
((7m^i7^))o 



-E((7m'^7.))o((7"'^7.))o 

a 

+ E^-(&"-1)((7«))o((7"7m7.)))o 

a 

-E((7m'^7.))o((7"'^7/3))o((7^'^7. 

1)((7.))o((7"7m7/3)))o((7^'^7.))„ 



afi 
a,f3 

+ E(^" - ^)UK + 1) ((ri,„))o ((7"7m7.))o 



+ E(3&J- 1)9 ((7„))o ((7^.7.) 

-E(&" 

-E&/3(&/3 + l)C/.«((7"))o 



l)6„(6^-l)((7"))o((7.7/.))o 



(13) 



Due to Lemma 1.2 (3) in ||LT|| , the first formula is just the definition of L^. The second 
formula is a special case of the formula (19) in |[L'1]| plus the generalized WDVV equation. 
The third formula is a special case of the formula (26) in [|LT|| plus the generalized WDVV 
equation and the second formula. Together with the obvious relation that the restriction 
of £_i to the small phase space is — these formulas reveal an interesting relationship 
between the Virasoro operators and the quantum powers of the Euler vector fields. In 
fact, when restricted to the small phase space, The first lines of the right hand sides of the 
above equations are respectively - ((7^i?7^))Q ,,, - {{^i^^E'^-iy)) - {{^i^E^-iy))^^^. With a 
slight modification of £„, the extra terms on the right hand sides of the above equations 
may disappear. This can be done by simply moving the extra terms to the left hand sides, 
expressing them as 3-point functions with two arguments equal to 7^ and 7,^, then adding 
the third arguments (which are again vector fields) to the corresponding £„'s (see also 
G^]). We note here that for the second term on the right hand side of the third equation. 



we can interchange the position of 7^ and X (by the generalized WDVV equation), then 
using Lemma |1.1| (iii) to remove X . The third equation can then be simplified as 



- E ((7.^7«))o {{rXlp))o {[I'^lu] 

a,f3 

+ E(&. - + 1) ((ri,a))o ((7"7m7.))o 

a 

+ E(^« - ^)UK + 1) ((7°))o ((n,a7M7.))o 



+ E(3&J-l)C,"((7.))o((7^.7.) 

o,/3 



(14) 
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1.5 Virasoro operators 

The first four Virasoro operators constructed by Eguclii, Hori, and Xiong are tlie following 

Lo ■■= £o + ^EC„;3to^(^ + ^((6i + lMV^)-/^ci(\/)UQ_i(l^) 
Li := A + ^E^"(l-U7«7° + ^E(C'Wo^^ 

+^,T.iC'Utotl (15) 
Because of the Virasoro relation 

for m, n > —1, the above operators generate all L„ operators with n > —1. We will 
not consider L„ operators with tt, < — 1 in this paper. Recall that the L_i-constraint 
is equivalent to the string equation, which is valid for all manifolds. Due to the above 
Virasoro bracket relation, to prove the Virasoro conjecture, it suffices to prove the L2- 
constraint. 



1.6 Review of the genus-0 Virasoro conjecture 



In |[EHX2|| , a heuristic argument for deriving the genus-0 constraints for CP" was given. It 
was pointed out in ||L'1]| that there is a serious gap in this derivation. This observation was 



confirmed by conversations between authors of |LT] and authors of | EHX2 ] both before 
and after the paper | [L'1| ] was written. 

The first complete proof of the genus-0 Virasoro conjecture was given in |[LT|| . Actually 
the conjecture posed in | |EHX2| ] was only for Fano varieties with vanishing Hodge numbers 
/i^''(V,C) for p ^ q (cf. [ [Boi|| ) . This was later improved to cover all compact smooth 
Kahler manifolds in [ [EJX ] after the Virasoro operators were modified according to a 
suggestion of S. Katz. It was pointed out for the first time in ||L'1]| that the genus-0 
Virasoro conjecture does not need any assumption on manifolds, i.e. it is also valid for 
all compact symplectic manifolds (The modification suggested by Katz does not apply 
to general symplectic manifolds since it involves holomorphic dimensions of cohomology 
classes). Besides the two constraints known before, i.e. L_i and Lq constraints, the key 
ingredients used in |P!jT|| were the genus-0 topological recursion relation and the generalized 
WDVV equation (those equations are also valid for all Frobenius manifolds |pu|| ). More 
precisely, we computed the following expression 

E ((^n {Co - (n + l)V) 7.))o {{Yn,,n,.)), - {{Cnn,,i.)), {{^ (^0 - (n ■ 
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On the one hand, by the generahzed WDVV equation, this expression is 0. On the other 
hand, if the L„ constraint is correct, we can compute each 3-point function in the above 
expression separately, and when combining the results together and using the genus-0 



topological recursion relation, we can show that this expression is just 7^74r\E'o,n+i- Once 



dt 



we know that all second derivatives of '^o,n+i are zero, the dilaton equation then trivially 
imphes that ^E'o.n+i = 0. This gives an inductive proof to the genus-0 Virasoro conjecture. 
The key point in this proof is to observe the above relation between the generalized WDVV 
equation and the Virasoro conjecture. Once this relation is observed, the computation 
involved are quite straightforward, although it is a little tedious. In Section 3 and 4 of 
LT|| , we gave the full details of the computations. The advantage for doing so instead 



of giving a more concise presentation is that one can see clearly how each term of these 
complicated operators evolves during this process. In particular, one can see how terms 
of Ln+i emerge from the above manipulation of expressions involving only and T). 

In ||L'1]| , the same method was also used to give the first proof to another sequence of 
genus-0 constraints, called L„ constraints, which were also conjectured in ||EHX2|| . Note 
that in the derivation of ||EHX2|| , the two sequences of constraints {{L^} and {Ln} con- 
straints) are always mingled together. It is not clear how to separate these two sequences 
using the original arguments in [ [bL)HX2|| . To complete the proof along the original lines of 
I EHX2 1 , one needs to prove Li and L2 constraints first (In the presentation of | G2|| , it is 
not clear what kind of role the L2 constraint plays, while in | |EHX2| | this constraint was 
mixed with the L2 constraint.). It was noticed for the first time in ||LT|| that these two 
sequences can be treated completely independently. The method for proving them are 
the same. If one knows how to prove one sequence, one also knows how to handle another 
one. 

After | |L'1| ] was submitted to journal and posted on the web, an alternative proof 
to the genus-0 Virasoro conjecture was given in |PZ2|| . In fact, the genus-0 Virasoro 
constraints were extended in |pZ2| | to the setting of abstract Frobenius manifolds, which 
are defined by solutions of the WDVV equation and also by axiomizing basic properties of 
the quantum cohomology. Since in genera bigger than 1, the corresponding constitutive 
relations do not exist yet, it is not clear how to define the analogue of Fg for abstract 
Frobenius manifolds. Therefore it is not clear how to interpret the full Virasoro conjecture 
for this setting. The third proof to the genus-0 Virasoro conjecture was given in |p2|| by 
combining arguments in |[EHX2|] and |PZ2|. 



1.7 Quantum cohomology 

At each point of the small phase space, which is identified with C), we can define 

a new product structure among cohomology classes, called the Quantum product, in the 
following way: 

7a • 7/3 = ( (7^7/37" ))o,s 7a- 

This product is commutative and associative (due to the WDVV equation). In this way, 
we obtain new ring structures on if*(\/, C), which are called quantum cohomologies of V. 
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Since the restriction of the string vector field to the small phase space is 71, the string 
equation implies the following 

Lemma 1.2 

((7i7a7/3))o,. = and ((717^^ ■ ■ ■ 7^^)^^^ = if k>3. 

Especially the first equation in the lemma tells us that 71 is always the identity of the 
quantum cohomology no matter which point in the small phase space is chosen. 

Since H*{V,C) is a linear space, we can identify tangent spaces of H*(y,C) with 
H*(y,C) itself. Therefore we can take quantum product for any two vector fields on 
H*{V,C). The intersection form rj defines a fiat metric (non-Riemannian) on H*{V,C). 
Let V be the corresponding Levi-Civita connection. It is straightforward to verify the 
following 

k 

U {{Vl ■ ■ ■ Vk))g^, = {{UVI ■ ■ ■ Vk))g^, + E ((^1 ■ • ■ (^nVi) ■ ■ ■ Vk))g^, , (16) 

i=l 

for any vector fields u, and Vi, . . . ,Vk on the small phase space. A simple application of 
this formula is the following 

V„(w mw) = (Vuv) mw + v (V„w) + J2 ((^^'^7"))o,s 7a, (17) 

a 

for any vector fields u, v, and w on the small phase space. 

The most important vector field on the small phase space is the Euler vector field E 
defined in the introduction. It is the restriction to the small phase space of the vector 



field X defined in Section \LA[ Therefore Lemma |1.1| implies the following 
Lemma 1.3 

(i) {{E)),^^ = 2ih + 1)F^ + Wc^,ri^. 

(ii) {{E^a))o,s = (ba + 61 + 1) ((7.))o,. + E Ca^t^- 

(iii) ((E7„7^))o^^ = Cc^p + (6« + hp) ((7a7/3))o,. • 

(iv) ((^7a7/37/.))o,s = (^a + hp + h^-hi-l) {{lall3ltj))o,s ■ 

(v) {{E-falplt,lu))o^s = (ba + bp + b,, + K - 2bi - 2) {{-ralf3lt,lu))o^s ' 

A simple application of the third formula in this lemma is the following: 

V ((E7a7/3))o,s = (ba + bp) {{v-falp)) q^, , (18) 

where v is any vector field on the small phase space. Let E"^ be the i-th quantum power 
of E. Then 

MlviMi-l i = l 
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where /xq = « and /ii = [3. Applying equation ([T8| ) to each factor, we obtain 



0,s 



min{j,fc}— 1 

3=1 M 
min{i,fc} — 1 

+ E E^M((7"i^'=^^-^-^7. 



0,s 



U.s \ \ / / O.r 



(19) 



for /c > 1. For convenience, we will write 

= E^fc7a, where = ((7ii?V)),^ • (20) 

Since [E^, E"^] = J2a {^^'^m ~ E^x'^^ 7^, a simple application of equation (|1^) proves 

[E^ = (m - /t)E™+^~i 

for m, k > 1. If one of m and is equal to 0, the corresponding formula follows from 
equation (|l^ and Lemma |1.2| since [71, E'^] = V-y-^E^. This gives a simple proof to 
equation ([T|). 



2 Relations between genus-0 and genus- 1 data 

In this section, we will study how much genus-1 information can be obtained from genus-0 
data. In particular, we will prove Theorem |0.1| . We first define two symmetric 4-tensors 
Go and Gi on the small phase space. Let S4 be the permutation group of 4 elements 
which acts on the set {1, 2, 3, 4}. For any vector fields f 1, . . . on the small phase space, 
we define 



Go{vi,V2,V3,V4) = E E|z((^9(1)^'9{2)^9(3)7")) ((7aWs(4)7/37^ 

+ ^ ((%l)^<?(2)^<;(3)^3(4)7"))o^ ((7a7/37^)) 



24 \\ ^^"^ ^^"^ ^^'^ ' //o,s\\'"""' //o,s 



and 



GliVi, V2, V3, Vi) = ^3 (({^^3(1) • Vg^2)}{Vgi3) • ^^5(4)}))^ ^ 

9654 

- E 4 (({^9(1) • Vgi2) • Vgi3)}VgiA)))^^^ 

9&S4 
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g€S4, " 

+ E E2((%l)^^9(2)t^s(3)7"))o^(({7a»^^9(4)}))^^. 

Note that Gq is determined solely by genus-0 data, while each term in Gi contains genus- 1 
information. These two tensors are connected by the following equation: 

Go + Gi = 0. (21) 

This equation was proved in ||G1|| where it was written in a different form. The above 



formulation is a slight modification of the one given in |PZ1|| . We first study the function 
Proposition 2.1 

Gi{vuV2,V3,Vi) = E {3K(1) •^<;(2)}((K(3) •^^5(4)}))^^^ 



-6(({[K(1) •^^9(2)}, %3)] •%4)}))^^ 



Proof: Using equation (|T|) and (0) to compute J2geS4 3{t^g(i) •^^9(2)} (({^9(3) • ^9(4)}))_^ ^ 
and — I]ge54 4t>g(4) ^<^{t>g(i) • t>c,(2) • fg(3)}^^^ , then combining the results together and 

using the symmetry of the tensors, we obtain the desired formula. □ 

Applying this proposition to quantum powers of the Euler vector field E and using 
equation (|l|), we obtain the following 

Corollary 2.2 

^^(E^s E"^) 

4 4 

= (2mi + m) ((e™-^)) +^^'^1+™'^ .^^'n. ^^^".^^ ^ 

'^'^ i=2 "^'^ i=l 

where mi, . . . , 7714 are arbitrary non-negative integers and m = mi + m2 + + m^. 

In the rest of this paper, we will use the following simple formulas without mentioning: 
Lemma 2.3 

(i) {{E'))i, = 0, 

(ii) {{E)),^^ = -^JyCi{V)Uc,_,{V), 

(iii) i?0((i?-)),,=m((i?-i)), 

(iv) E{{E"^)),={m-l){{E^)), 



/or any non-negative integer m. 
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Proof: The first two equations are the restrictions of the genus-1 string equation and 
quasi-homogeneity equation to the small phase space respectively. The last two equations 
follows from the first two equations and equation (|l]). □ 
A special case of the Corollary |2]^ is the following 



-G^{E"^-'-\E\E,E) = E 



m-2 



E''))^^^-E"'-'-^[[E'+^^^^^ 



f22l 



— 2 where 



for 1 < z < 
m is even, Corollary p.2| implies 

1 



is the largest integer which is less than or equal to y. If 



1 



^^G,{E^/'-\E'^/^-\E,E) = ^E^-^{{E^))^^-E^/^+'{{E^/^-']^^^ 

+E'^/^((E"'/^))^^-{{E"'-^' 

2 and adding the above equation, we 

m/2-2 



Summing up equation (^2]) over 1 < i < 
obtain 



1 ni/^-^ 

-G^{E"^/'-\E^/'-\E,E)+ J2 -:Gi{E"^-'-\E\E,E) 
48 24 



m — 1 



^™~2 //^2 



E 



m— 1 



2 \\ //i,s \\ 111 

when m is an even integer. If m is odd. Corollary |2.2| implies 



(23) 



Summing up equation (^2]) over I < i < 
obtain 



2 and adding the above equation, we 



(m-3)/2 , _ , 

i=i 24 2 



m— 1 



(24) 



when m is an odd integer. Using the symmetry of the tensor Gi, we can express equation 
(p3|) and (^4]) in a unified form, which together with equation (^) implies the following 

Theorem 2.4 For an arbitrary manifold V, 
m — 1 



m— 3 



-e"''U(e^))^^^-((e"''' 



l,s 



J2-Go{E"^-'-\E\E,E) 
i=i 4« 



for any integer m > 2. 



Since Gq is defined by derivatives of Fq, this theorem in particular implies Theorem OJ. 
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3 A sequence of genus-0 functions 



Theorem 2A tells us that for A; > 3, (^(^E''^J^ can be computed in terms of ((i?^))^ ^ and 

some genus-0 data. We will see later that the restriction of the genus-1 Li constraint to 
the small phase space is equivalent to {{E'^))-^^^ = 02 where 02 is defined in (|]). We can 
rewrite 02 in the following form: 



((7.7"))o,.- (25) 



Motivated by Theorem p.4|, we define 



^E'-'cP, + J2 lGoiE'~'~\ E\ E, E), (26) 



for k > 3. For convenience, we also define 



0, and 0i:=-7^ / Ci{V) U c^.^iV). (27) 



24 Jv 

The string equation and the quasi-homogeneity equation implies 

0o = ((i5;°))^^^, and 0i = ((E)),_^. 

An immediate consequence of Theorem |2.4| is the following 

Theorem 3.1 For any manifold V, if {{E'^))-^^^ = 02, then (^(^E'^'j'^^ = 0^ for every k. 

The definition of 0^ given by (^) is hard to use. For the convenience of later ap- 
plications, we will give another equivalent formulation in Theorem p.9| . Before proving 
Theorem |3.9| , we need some preparations. First, taking derivatives of the WDVV equation 
twice and three times, we obtain the following 

Lemma 3.2 For any vector fields u, v, Wi on the small phase space, we have 

(i) 5I(("^1^27a))o,« ((7"^^W3))o,« 

a 

+ ((«^l7a))o,. ((7"t'W2W3))o,, 
a 

= J2 ((^«^1^27a))o,s ((7"mW3))o^^ 
a 

+ J2 ((^^l7a))o,« ((7"mW^2W3))o,, , 
a 

(ii) ((«^i^27a))o,« ((7"^^W3w;4))o,, 

a 

+ J2 ((w^l^37a))o . {{7''vW2Wi))o 
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+ ((««^l«^2W37a))o,s ((7"t'«;4))o,, 

a 

+ ((«^l7a))o,. ((7"^^W2W3W4))o,« 
a 

= J2 ((^«^l«^27a))o,s ((7"mW^3W^4))o,. 
a 

+ 11 ((^WlW37a))o,. ((7"mW^2W4))o,, 

Q 

+ 11 ((^Wl«^2W37a))o,s ((7"mW4))o,, 
a 

+ II((^W^l7a))o,« ((7"mW2W3W4))o,,. 

Q 

We can use these formulas and the WDVV equation to exchange positions of two vector 
fields in a product of two correlation functions. Using this lemma, we can prove the 
following 

Lemma 3.3 For any fi and v, 

+ $:(26^ -h^ + h,-l) ((7m^7"))o,s ((7a7/37^.))„^ 



a,l3 

+ Yiba - h){-Abp - 26, + 2h + 4) ((7m7.7"))o,. 

a,l3 

+ Y {(-4fe/3 - 26a + b^-K + 2){b^ - 6, - 26, - 26^ + 2) 

-2(6. + 6, + 6^3 - 6i - 1)} ((7m7"70>o, ((7a7/57.))o,. • 



Proof: Applying Lemma (ii) with u = E, v = 7^, Wi = E, W2 = 'j^, = 'y^, and 
= 'jj3 to the expression 

Y: {{7,EEr))o,s ((7.7.7/37"))„^ + {{luEEr))o,s {{^o.l,7,l')) ^ ^ 

a,(3 



+ ((7,7.i5i57°))o,.((7a7/^70>o,' 



then applying Lemma ^]2| (ii) again with u = E, v = 7^, wi = E, W2 = 7/3, W3 = 7^ and 
W4 = '-yu to the expression 



E ((^^7"))o,. ((7.7.7.7/.70)„^ + 2 ((i?i?7V))„ ^ ((7.7;37.7.))o,. f , 

a,/3 
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after plugging the corresponding results into the definition of Go{'jfj,,'yu, E, E) and using 
Lemma |1.3| to 4-point and 5-point functions which involve only one E, we obtain 



Go{i,,i.,E,E) = J2((EE{i,*iuhfs7 



- Y.iba + K- 2h - 1) {{l,Er))o,s {{l.lPl^lu^^^^^ 

a,/3 

- Eiba + b, - 2b, - 1) {{l.Er))o,s {{l.lpl^l,)^,, 

a,/3 



+ Y.2{2hp + b, + K- 2h - 2) ((i5;7V))„^ ((7a7W.)) 



a,l3 

- E <K -ba-bf3-h + 1){K + ba + bf,-h-l) 



(7/.7V))o^^((7a7/37.))o,.- 
Applying Lemma ^]2] (i) with u = j^, v = E, wi = 7^, W2 = 7/3 and W3 = 7^ to the term 



i57V)),J(7a7/37/.7.))o, 



s ' 



and using the symmetry of this expression with respect to 7^ and 7,^, then using Lemma |0 
to 4-point functions which involve only one E and simplifying, we obtain the desired 
formula. □ 

We can simplify the formula in Lemma |3.3| by the following simple observation: 



Lemma 3.4 For any vector fields vi, . . . ,Vk on the small phase space, 

Y.ba{{lal'"Vi---Vk))g^, = ^E((7a7"t'l---ffc))^_,. 



a 



Proof: Since for any a and /3, haTj"'^ 7^ implies 6^ = 1 — 6^3, we have 

a a, (3 

= E(l-^/3)((7^7/3^^i---^'fel 

The lemma follows. □ 
Since 

Go{E^, E\ E,E) = Y: <a;^Go(7M, 7., E, E), 



where is defined by (|20|) , an immediate consequence of Lemma |3.3| and Lemma qA 
the following 
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IS 



Lemma 3.5 

Go{E^,E\E,E) = J2{{eEE^+%^'' 



a,l3,fj, 



0,s 



a, 13,1/ 

+ E (261-6 + 126?) ((i?"-^S70L 
+ 126.6, ((£"7V))„ ,((7.7,£-))„,. 

a,/3 



+ E(^-M<((7.i?' (7^.7^ 

+ E(&'-M4((7.i^'" (7^.7' 

- E '^K^uX^^l ({if^lu (7/3 • ¥ 
/3,fi,u 



0,s 



0,s 



0,s 



To simplify this formula, we need to compute Y^fs \ \lali3l^ E'^jj ^ . First, we have 

Lemma 3.6 For any vector field v on the small phase space, let he the k-th quantum 
power of V. Then for any a, P, and /i, 



fc-i 



V 7^7/37/. 



0,s 



E((^' '(7a •7/3-^' ')^7m))o 

i=l 
k 

+ E 



i=l 



v'" ' •7a) (7/3 •^^ ^] ^7m 



0,s 



Proof: Since 



V^'lalpl,))^^^ = E ((^' '^7a))g_^ ((7"7a7/37/.))o,. 



0,s 



using Lemma |3.2| (i) to exchange positions of v and 7q,, we obtain 

((Aa7/37M))o^, = -((^''"'(7a»7/3)t^7M)) 

+ (((^^''"^ •7a) 7/3^^7/. 
+ ((^^'"Sa(7/3«^^)7,.))„^^- 

The lemma follows by repeatedly applying this formula to the last term to decrease the 
power of the first v and increase the power of the second v. □ 



In the special case when v = E, Lemma 3.6 implies 



20 



Lemma 3.7 For any jj and k > 1, 

'J 



1 = 1 (7,/3 

fc-1 



i=l (7,/3 



0,s \ \ ' V ' / / / 0,s 

Proof: We first Apply Lemma 3^ to (J^E^'-jp'-y^'-j^^'^ ^ , then use Lemma L3 to remove 
E from 4-point functions in the expressions 

and 

{{{E'-' . 7^) (7. . £7„))„,. = E ((B'-7^-))„,. ((^-'7.r)>„,. {{7,7.i;7„»„„ 

cr,p 

The lemma is then obtained by using the fact 

{{{Vi • V2) W3^^4))o,. = {{Vl {V2 • V3) V4))o^, 

for any vector fields f 1, . . . , f4 on the small phase space, and the fact 



E h (7/3 • 7^) = ^ E (7/3 • ^ 

which follows from Lemma |3.4 ^ 
We also need the following 

Lemma 3.8 

J:{{e'EE^,j^)) = Ub.-h)ib,-2b,-l)x^,{(^,^,Y] 



+ E KiK -bi + k- l)x^, {{E'-\ (7^ . 7^ 

k—l 

-EE bAxt-A {{e'-' (7, • 7.) (7/3 • 7 



1=1 

k-l 



-EEVMr((£-7.7.))„ ((7"£'-(7..7^))>„,^ 
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Proof: Since 



using Lemma |1.3| to remove E in the 5-point function, we obtain 

y: {{e'^ee^,^^))^^ = e<(&. - - 1) {{i,Eipi')),,+i:^ib^ 

(3 ' (3,11 ' I3,iy 



Using Lemma |1.3| again to remove E in the 4-point function in the first term and applying 
Lemma p.7| to the second term, we obtain the desired formula. □ 
Now we are ready to prove the following 



Theorem 3.9 For any manifold V , 



m— 1 



fe=0 a,f3,a 



1 m— 1 
^ fc=0 a,P 



0,s 



Proof: Using formula ([T6|), we obtain 



E 



m—l , 



-^T.He'^-'ee^,^^ 



1 



o,s 12 



^(61 + 1 - U-^^E-^pj 



hi + l 



E 7^7^ 



0,s 



We can use Lemma |1.3| to remove E in the second term, then plugging the result and the 
formula in Lemma pl5| into the definition of (pm- To simplify the resulting expression of 



(j)m, we first use Lemma |3]^ to compute the 5-point functions. We can then use Lemma ^ 
to compute 4-point functions and obtain the following formula 



m-2 



k=l ct,l3,fj, ' 
m-2 



E E Uba-l)x':^-,-A{l,Er))o,s{{lc.E 

k=l Q,/3,fj. 

m— 3 f 
+ E E babf, \ {{lain (7/3 •7^))) 



fc-1 



7/3 • 7 



k=l a,f3,n 



0,s 



0,s 



-xK(((7«-7,)i^^'"-'~' (7/3 -7 

m—3 f 

+ E E M,|C_,((7.i?7.))o,.((7'^^'-H7/3-7^))), 

k=l a,(3,n 
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m-2 

k=l a,l3 

a, (3 ' ' 

In this way, we obtain an expression for 0^ which contains only 3-point functions. There 
are many cancellations among different terms in this expression. After simplifying it, we 
obtain the desired formula. □ 

Remark: The expression for 0^. in Theorem |3.9| is the same as that for (^(^E^'^'^^ 

obtained in [pZ2|| (4.42) for the case where the quantum cohomology of V is semisimple. 



4 A necessary and sufficient condition for the genus- 1 
Virasoro conjecture 



The main purpose of this section is to prove Theorem 3.2. In this section, we will use 



{u^, . . . , u^} to denote the coordinate on the small phase space in order to distinguish the 
one on the big phase space. In this coordinate, the vector field is identified with 7q,. 
Let Ua = J2i3Vaf3U^- Then is identified with 7". Let M be an iV x iV matrix whose 
entries are Uap- Temporarily, we think of each as an independent variable. Define 

...,Un;M) := (e^.--^")^ + ^ logdet (t^-^m) . 

Then 



((7 ))o,. and 



24 ^ 'ocfi 



dUa ^ ^ ' ' "^'"^ " dUap 

The genus- 1 constitutive relation says that J^i is equal to Fi after the transformation 

= ((7i7a))o and Ma/3 = ((7i7a7/3))o • (29) 
Taking derivative of the genus-1 constitutive relation once, we obtain 



dJ- dJ- 

= E ((7lW7a))o ^ + E ((7lT-m,a7<x7p))o ' 



cr,p 



du, 



(30) 



crp 



for any m and a. On the other hand, the genus-0 constitutive relation says, in particular, 
that 



((7a7/3)) 



0,s 



«<T = ((7i7<T>>o 



((7a7/3))o- 



Taking derivative of this relation once, we get 



((7a7/37/.))o,, 



«<T = ((7i7<T>>o 



E (m-'v 



m<tp=((717<t7p>)o 



((7a7/37v))o- 



(31) 



(32) 
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Moreover combining equation (^T]) with Lemma p..l| (iii) and Lemma |1.3| (iii), we obtain 

{(7«B7,)>„,4,^„^,,,„^ = (h„A'7,»„. (33) 



The following lemma will be useful in the proof of Theorem p.2| . 
Lemma 4.1 

^ (^"1,^1 {((7a^7^0)o {{l,.Xl''))o ■ ■ ■ ((7..-.'^7/.»o} 

o,/3,/ii,...,^fe_i 

/xi,...,/ifc_i 
Proof: By Lemma |Ll| (iii), 

71 ((7a^7/3))o = (ba + hp) ((7l7a7/3))o = {ha + hp)Uap. 

Therefore 

^ (^"1,^1 {((7.^7^0)o ((7..^7'^^))o ■ ■ ■ ((7..-.'^7/.)) J 

o,/3,/ii,...,^fc_i 
Ml,---,Mfe-l 

In this calculation, one needs to switch the position of 71 and that ot X by using the 
generalized WDVV equation so that 71 can be pushed to the beginning or the end of 
the chain of the multiplications of 3-point functions. In this way we can always create 
entries of M which can be used to eliminate entries of M~^. Moreover, by interchanging 
all upper indices with the corresponding lower indices, we obtain 

E ((7..-.'^7^0)o <(^M.'^7^^))o ■ ■ ■ ((7..-.'^7^"-0>o 

The lemma then follows. □ 

Recall that Ci is the vector field on the big phase space which is defined to be the first 
derivative part of the Li operator. The genus-1 Li constraint is ^'i^i = 0, where 

^1,1 = {{C,)), + W hail - ha) {((7a7"))o + 2 ((7"))o ((7«))i} • 

We have the following 
Proposition 4.2 



«<T = ((7i7<T>>o 
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Proof: Applying equation ( ]28|) and (|30|) to each genus-1 1-point function in ^E'l,!, we 
obtain 



^1,1 = E{((7iA7.))o + E^-(l-M((7°))o((7i7a7.))o}|((7'^))o,. 



«;9=((717;3))q_ 



+ {((7i^i7.7p))o + E^a(l - ba) ((7"))o ((7i7.7.7p))o} (M"^) 
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+ V6„(l-6„)((7.7"))o, 



ap 



(34) 



where the entries of M are Mq/j = ((7i7a7/3))o- By the second equation of ( [131) and 
equation (|33D , the first fine of the right hand side is equal to — {{E^))-^ 



M<T = ((7i7<T>>o 



. Now 



we compute the second line. Since 
((7i>Ci7a7p))o = 71 {{^ilalp))o - hiipi + 1) ((ri,i7^7p))o ~ (2^i + 1) E*^? ((7a7a7p))o > 



by Lemma ^]T| and the second equation of ([131), the second line of (0) is equal to 

E ((7«7"))o - ^ E (^"').. {(^°(^ - + + <<^i^"))o ((7"7.7p))o 

+ (26i + l)Cr((7„7<.7p))o}- (35) 

On the other hand, by Lemma [L3[ (iv) 

E((^^7«7'^))o,. = E((W»o.((7/^^7«7"))o,. 

a a, 13 

= Y.ih - bi) ((^717^)),^^ ((7/37«7"))o,. • 

By equation (^) and ([33[) , 



a,/3 



P,o-,P 



By Lemma |1.1| (iii), 

^6.((7iA'7"))o 

a 

= E {-^1 ((7i'^7"))o + (2&1 + + (5.(1 - &C.) + &i(&i + 1)) ((7i7"))o} • 

a 

Moreover 



E((^7i70>o((7/^7.7p))o(M-^)^^ = E ((^7.70>o ((7Wp))o 

= E((^7.7'^))o 
= E((7.7'^))o- 



crp 
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Therefore we have 



«<T = ((7i7<T>>o 



Y: {(26i + l)Cf + (6,(1 - 6„) + Wih + 1)) ((7i7°))o} ((7«7.7p))o (M"^) 
2&iE((7.7'^))o- 



crp 



Comparing this equation with (|35|) and using (|3l|), we obtain the desired formula. □ 

We next prove the analogue of this proposition for the genus- 1 L2 constraint. We need 
the following 

Lemma 4.3 

(i) E ((7.70>o ((7/37"))o = ^ E ((7«70>o ((w"))o , 

a,/3 Q!,/3 

(ii) E bl ((7.70>o ((7.7"))o = E (-^ + ^^^) ((7.7^), ((7/37°))o , 

(iii) E(&«)'Cf ((7/37"))o = if is odd. 

Proof: Interchanging the upper indices and lower indices in the expression 

J2a,i3ba ((7a7^))Q ((7/37"))o usiug the fact that 6q,'7"^ 7^ implies 6^ = 1 — 6q, we 

obtain 

E ((7«70>o ((7/57"))o = E(l - ((7/^7"))o ((7«70>o ' 

a,l3 a,l3 

This implies (i). Similarly we have 

E bl ((7.7''»o ((7/.7"))o = E(l - b.r ((7/37"))o ((7«70>o • 

a,l3 a,f3 

Together with (i), this implies (ii). Using the fact baCa/3 7^ implies 6/3 = —b^, we have 
JlibaK ((7/37"))o = E(^«)'C., ((7V)), = E(-&/3)'C., ((7V))„ ■ 

o,/3 a,/3 a,/3 

Interchanging a with f3, we have 

E(^")'Cf ((7/.7"))o = (-l)'E(U'Cf ((7,7"))o- 

This implies (iii). □ 

The genus-1 L2 constraint is the equation \E'i_2 = where 

^1,2 = {{C2)), + T.ba{l - bl) {((n,„7"))o + ((ri,a))o ((7"))i + ((7"))o} 

a 

E(3&^ - {((7"7/.))o + 2 ((7"))i ((7/3))o} • 
We have the following 
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Proposition 4.4 



^1,2 

Proof: Applying equation 
equation (JT^) and the fact 



and 



E'))^ +03 

to each genus-1 1-point function in \l/i2, using 



((7iA7^7p))o = 7i((>C27<T7p))o-^i(^i + l)(^i + 2)((r2,i7<77p))o 
-5](36? + 66i + 2)Cf ((ri,^7<x7p))o 



E3(6i + l)n?((7/.7.7p)) 

/3 



' 



then applying Lemma ^?T| , equation p3| ) and the genus-0 topological recursion relation, 
we obtain 



"<T = ((7i7<T>>o 



y (m-i 

24 ^ ^ 



^ 7^7^.7 



/3 



E(3&^ - 1)C., ((7i7"))o + E Uhl - 1) ((7i7"))o ((7.7;3))o 

a a 

+bf,{bl - 1) ((7iri,/,))o - &i(&i + l)(6i + 2) ((ri,i7/5))o 
-^(36? + 6h + 2)Cf ((7«7/^))„ - 3{h + l){C'u] 

a ) 
1 



ri,/37 



E(3&a-l)Cf ((7/.7"))o- 

Q!,/3 



(36) 



A simple combination of Lemma |rT] and the genus-0 topological recursion relation gives 
the following (cf. [ pT|] formula (8) and (9)) 

(1 + 6, + bf,) ((ri,„7/3))o = J2 {{^»r))o + (&. + bp) ((7.7/3))o} " E'^« ((7.7/3))o • 



This is a special case of the fundamental recursion relation of ||EHX1|| . Using this formula, 
we can express 2-point correlation functions of type {{Ti^alf^))^ in the right hand side of 
equation (^) in terms of correlation functions only involving 7o-, a = 1, . . . , A^. (In this 
procedure, first applying Lemma 3.2 in [|LT|] to shift the level of descendant in the term 
6^(1 + 6^) ((7iTi^^))g may simplify the computation.) Then a straightforward computation 
using Lemma |1.1| and Lemma [4.3| shows that 



«<T = ((7i7<T>>o 
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24 ^^'^ 

a,j3 

The proposition then follows from equation (^), (0), and Theorem |3.9| . □ 
Now we are ready to prove Theorem |0.2| . 

Proof of Theorem p.2| : The string equation implies that the transformation 
■u" = ((7i7"))os is identity map when the right hand side of this equation is restricted 
to the small phase space. Therefore, by Proposition [4 .21, the restriction of the genus-1 



Li constraint to the small phase space is equivalent to the condition that {{E'^))^^ = 02- 
Hence ((i?^))Q ^ = 02 is a necessary condition for the genus-1 Virasoro conjecture. On the 
other hand, if {{E'^))^ ^ = 02, Proposition |4.2| also implies that the genus-1 Li constraint is 
true. Moreover, Theorem |3.1| and Proposition implies that the genus-1 L2 constraint 
is also true. By the virasoro relation among the L„ operators, the genus-1 Virasoro 
conjecture holds. □ 



5 Virasoro type relation for {(pk} 

Because of Theorem pT^ , we are interested in when the equality {{E"^))^ s = 02 holds. The 
Virasoro relation (|I]) and Theorem ^]T| implies that a necessary condition for this equality 
to hold is that 

E^m - ^"0fc = (m - k)(j)k+m-l- 

In this section, we prove that this condition holds for all manifolds, i.e. Theorem |0.3| is 
true. 

We begin with the following 
Lemma 5.1 Let H = J^plis • 1^ ■ For any a, we have 

^M(^"^'^>L = - i-i + *) ((7<,j;'«ff»„,, 

+ Y.K{('I.E',"))J^{',,E>'H)) 

-1:k<{{i.{i<.'E>')h)) 

Proof: Since 




the lemma follows by applying formula (|T9D to the first term and Lemma p.7| to the second 
term and then simplifying the resulting expression. □ 
We also need the following 
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Lemma 5.2 

^^{i:E''.''.((7oi;V)>„„((7.£'=-'-7")>„j 

1^ i=0 a, 13 ) 

(3 ' i=0 a,l3 

Proof: First observe that 

b4i:em.((7.£V))„„((7.s'-v))„ I 

After applying formula (|19D, we can simplify the expression by using identities 
= E E 6„6.6„((7„B'7'*»„,,((7„B70>„,((7.B'=-'-'7°))„^,, 

1=0 a,P,fi 

and 

i:i:€6.((7„£«70>,.((7X--7")),. 

i=0 

= I:E''«''J((7.E«7^)),.((7.J5'-V)),^. 

i=0 

These two identities are obtained by interchanging indices. We thus obtain 

i=0 a,f3 ) 
i=0 a, 13 

The lemma then follows from the identity 

EE'^>h{b'.E--v))J{v.E^-^-Y))^ 

i=0 a,f3 

= kY^hl {{E%l')), ^ + E E(^ - 2 - j)b^b, {{laE^^V))^ ^ {{l,E'-'-^r)) 

P ' j=0a,l3 

This identity is obtained by substituting k — 2 — j for i and interchanging indices. □ 
We can now prove a special case of Theorem p.3| . 
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Proposition 5.3 



- ^Vfe = (2 - k)<f)k+i. 



Proof: By Lemma 1.3, 



a, 13 (3 (. 



bi + 1 



0,s 



Using formula 



and Lemma ^.T], we can express E''(j)2 in terms of products of 3- 



point functions. On the other hand, using Theorem p.9| , formula (p!9D, Lemma |5.1| and 
Lemma f).2\ we can express -E^0a; in terms of products of 3-point functions. Combine the 
two expressions together and simplifying it, we obtain the desired formula. □ 

Now we are ready to prove Theorem |0.3| . 
Proof of Theorem p.3| : We prove this theorem by induction on min{m, k}. Without 
loss of generality, we may assume that m < k. 

If m = 0, equation is equivalent to 7i0fe = kcpk-i- This equality holds trivially 
when /c = or A; = 1. When = 2, it follows from formula (|16D, Lemma |1.2| , and the 
following formula (cf. ||Boi 



fei + 1 

12 



X{V) 



1 

12 Jv 



Ci(\/)Uc,_i(l^). 



Note that this is the reason why ha is defined in terms of the holomorphic dimension of 
7a rather than a half of the real dimension of 7^ as proposed in |EHX^]. For k > 2, the 
equality follows from Theorem |3.9| , formula ([I6|), the fact that 'W^^E^ = [71, E''] = kE^~^, 
and Lemma |1.2| . 

Assume that equality holds for m < n. We want to show that it also holds for 
m = n + 1. In fact for any /c, by equation (P and Proposition ^.3| , we have 



E 



n+l 



E\ 



'n+l 



n 



E'' (e 



i?"02)}. 



By the induction hypothesis, -E"0fc = E^cpn + {k — n)(f)n+k-i, and by Proposition |57^ , 
E^cpk = E''(j)2 + {k — 2)(f)k+i. Therefore, by equation (p, we have 



n 



^{{k-2) (E'^+Vn - + ik-n) {E^(l)n+k-l - i?"+'-V2) } . 



Using the induction hypothesis and Proposition p.3| again, we have 



E 



n+l 



E' 



>n+\ 



{k — n 



>n+k- 



This proves the theorem. □ 

We can use Theorem to construct a representation of the Lie algebra spanned by 
{E^ I > 0} in the following way. Let 



hi 



E' 



(37) 
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By Theorem p.4| and the definition oi (pk, ho = hi = and 

h, = ^E'^-'h. (St 

More generally, we have the following 
Lemma 5.4 For all k > and m > 0, 



m m + k — 1 

Proof: Theorem |0.3| and formula (P imply 

E'^hrn - E'^hk = (m - k)hk+m~i 

for all m and k. Using this formula, one can show that the equation 

h h 

E — = m ^ ^ 



m m + k — 1 

is equivalent to the equation 



k m + k — 1 

Formula (|38D says that the lemma is true if min{m, k} = 2. By formulas (|38|) and (|l]), 
we have 

m f 2 2 

The lemma then follows from induction on min{m, k}. □ 

Lemma ^.41 tells us that the linear span of {h^ \ k > 2} gives a representation of the 
Lie algebra spanned by {E^ \ k > 0}. Theorem means that the genus-1 Virasoro 
conjecture holds if and only if /12 = 0, which is equivalent to say that this representation 
is trivial. 



6 Some sufficient conditions for genus-1 Virasoro con- 
jecture 

In an open subset of the small phase space, {E^ \ k > 0} defines an integrable distri- 
bution. Each leaf of this distribution is a finite dimensional manifold. Fix one leaf of 
this distribution. There exists an integer n such that {E'' | < < n} are linearly 
independent and there are smooth functions fi, < i < n, on the leaf such that 

n 
i=0 
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Since E'^+'^+i = • we have 



k+i 



i=0 



for every A; > 0. For later applications, we need to compute E^fi. 

Lemma 6.1 (i) E^f, = -{i + for < i < n - 1, and E°/n = n + l. 

(ii) Efi = {n + 1- i) fi for < i < n . 

(iii) E^fo = fnh and Ey, = {n - 1 + 2)/,_i + /„/, for 1 < z < n. 

(iv) For k > 0, 

r E^fo = hE'^-^fn, 

\ E^U = UE'^-^fn + ^'"7.-1 for 1 < z < 



(39) 



Remark 6.2 Lemma ^?T] (i) and (iv) tell us that at each point, E^ fj is completely 
determined by the values of /o, ...,/« at that point. 



Proof of Lemma |6.1| : We first prove formula (iv). By formulas (0) and (pQ]), for 

< m < A;, 



(n + 1 + 2m - k)E 



n+k 



;^^+m 



n n 
n n 

J2 (^'"™/^) + E /^(^ + 2m - A;)E^+^-\ (40) 



i=0 



j=0 



Using the fact that 2m_E''+" = EILo 2"^/j-E'*^''~\ we obtain 



7t 



i+m 



i=0 



(n + 1 - A;)E"+'= - ^ /i(« - k)E 

i=0 



i+k-l 



Since the right hand side of this equation does not depend on m, so does the left hand 
side. Therefore we have 



t+rn 



(41) 



1=0 1=0 

for all < m < k. In the special case m = 1, we have 



n n 



i=0 



Replacing on the right hand side of this equality by J27=o fiE^ and using the fact 

that {E^, . . . , i?"} are linearly independent, we obtain formula (iv). 
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Formula (i) is obtained from (^OD by setting k = m = 0. Formula (ii) and (iii) are 
obtained by using (i) and the recursion formula (iv). □ 

Now we come back to the Virasoro conjecture. As pointed out in the introduction, a 
necessary condition for the genus-1 Virasoro conjecture to hold is the validity of formula 
(I), i.e. 



n 



k=0 

This condition implies the following 



Lemma 6.3 If formula is correct, th 



en 



^m+n+l — ^ fk'Pm+ki 
k=0 



for all m > 0. 
Proof: By formula 



E'^ I 0m+n+l — X] fj'i^m+j 

[ j=o 

^'"+"+V2 + (m + n- 1)0^+^+2 



- ^ (eV,) - E fj {^"""'02 + {m + j- 2)0„+,+i} . 



Using Lemma |6.1| (iii) and the formula (p9|), we obtain 
2/ 

[ j=0 

= (m + n — 1) < (pm+n+2 — E fj^rn+j+1 ( ~^ fn i 4>m+n+l — E fjVm+j 
\ j=0 J [ J=0 

The lemma then follows by induction on m. □ 

By Theorem |U.2|, to prove the genus-1 Virasoro conjecture we only need to show that 



/i2 := {{E"^))^ 5 — 02 = 0. We first prove the following 
Proposition 6.4 Let 

n 

Z, := E (eV.) E\ 

i=0 

If equality holds, then Zkh2 = for all k > 0. 



Remark 6.5 Formula (^) implies that Zk = E^ • Zq. 
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Proof of Proposition |6.4| : Setting m = k in formula (^) and using formula (|4l|), we 
obtain 

n 

+ k + 1)^"+'^ - + k)fiE'+^-\ 



[n 



i=0 



Therefore by Lemma 5.4 



Zhh^ — 2/i 



i=0 



The right hand side of this equality is equal to because of formula 
□ 



and Lemma 6.3. 



An immediate consequence of this proposition is Theorem 0.5 



Proof of Theorem p.5| : By Lemma |5.4| , i?°/i2 = 0. If for some positive integer m, 
E"^ is contained in the span of {E^ , Zk \ k > 0}, then by Proposition |6.4| , E"^h2 = 0. By 
Lemma , 

hm+l = E^h = 0. 

If m > 1, then repeatedly taking derivatives (by m — 1 times) of hm+i along the direc- 
tion E^ and using Lemma |5.4| , we obtain that /i2 = 0. The theorem then follows from 
Theorem |0.2| . □ 

To apply Theorem p.5| , we need to know which manifolds have non-degenerate quantum 
cohomology. In the rest of this paper, we discuss some sufficient conditions for the non- 
degeneracy of the quantum cohomology. To this end, it is interesting to know how large 
is the vector space spanned by {Z^ \ k > 0}. We ffist notice that by Remark |6.5| and 
formula (0), 

n 

Zn+l+k = ^ fiZi+k- 
i=0 

Therefore, at each point, {Z^ \ k > 0} and {Z^ \ < k < n} span the same vector space. 
The following lemma gives us a sense on how large this vector space might be. 

Lemma 6.6 At each point t, 

span{Zfc(t) \ {}<k<n] = span{^^(t) | < < 
if and only if the polynomial in x 



X 



1=0 



has no multiple roots. 

Proof: The derivative of pt{,x) with respect to x is 



n— 1 



p,{x) = {n + l)x^^-Y.{^ + ^)Mt)x\ 

i=0 
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Note that the coefficients of p[{x) are the same as the coefficients of ^o(^)- The resultant 
of polynomials pt{x) and Pf{x) is the determinant of the following {2n + 1) x (2n + 1) 
matrix 

/ 1, —fn, — /n-1, , — /l -fo, \ 







n+1, -n/„, -(n -!)/„_!, , -/i, 

n + 1, -?T-/n, -(n -!)/„_!, , -/i 



\ n + 1, -nfn, -(n -!)/„_!, , -/i 

where non-zero entries of the ffist n rows are coefficients of Pt{x) and non-zero entries of 
the last n + 1 rows are coefficients of Pi{x). Performing elementary row transformations, 
we can transform this matrix to the following form 




where i? is an n x n upper triangular matrix whose diagonal entries are 1, and A = {(lij), 
< "iji < is an (ra + l) x [n + 1) matrix whose entries are given by the recursion formula 

an,o = n + l, Qnj = -{n - j + l)/„_j+i for 1 < j < n; 
For 1 <i <n, 

an-i,j = fn-ja-n-i+ifl + a„-j+ij+i5 for < j < n - 1. 



Comparing this recursion formula with the recursion formula in Lemma |6.1| , we obtain 
that ttij = E"^^~'^fn-j for all i and j. Therefore A is the coefficient matrix of representing 
{Zn, Zn_i, . . . , Zq} in terms of {-E", . . . ,E^}. Since the determinant of A is equal to 

the resultant of pt{x) and p^{x), A is invertible if and only if pt{x) has no multiple roots. 
This proves the lemma. □ 

Recall that a manifold has non-degenerate quantum cohomology if there exists one m > 
such that at generic points, E"^ is contained in the span of {E^, Zq, . . . , Zn}- Observe 
that if the ffist n columns of the matrix A in the proof of Lemma |6]^ has rank n, than 
E"^ is contained in the span of {E^, Zq, . . . , Z„} for all m > 0. Therefore such manifolds 
have non-degenerate quantum cohomology. However, to compare non- degeneracy with 
semisimplicity, we only need the following weaker result which corresponds to the case 
where A has rank n + 1. 

Corollary 6.7 // at generic points of the small phase space of a manifold V, the polyno- 
mial 

n 

Pt{x)=x^^'-Y.f,{t)x^ 

i=0 

has no multiple roots, then the quantum cohomology ofV is non- degenerate. 
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In the case that the quantum cohomology of V is semisimple, at generic points of the 
small phase space, {E'' | < < n} form a basis of the tangent space of the small phase 
space. With respect to this basis, the quantum multiplication by E has the following 
matrix representation 



/ 








• 


• 


/o 


\ 




1 





■ 


■ 


/l 









1 


■ 


■ 


/2 












1 ■ 


■ 


/3 




V 








■ 


■ 1 


fn 


J 



The polynomial pt{x) in Corollary is precisely the characteristic polynomial of this 
matrix, and therefore has no multiple roots at semisimple points. Hence we have 

Corollary 6.8 // the quantum cohomology of a manifold V is semisimple, then it is also 
non-degenerate. 

Another sufficient condition for the non-degeneracy is the following 

Lemma 6.9 // at every point of the small phase space, the dimension of the vector space 
spanned by {E'' \ k > 0} is less than or equal to 2, then the quantum cohomology is 
non- degenerate. 

Proof: The case where the dimension of the vector space spanned by {E'^ | A; > 0} is 1 is 
trivial since E'^ is proportional to for every k > 1. If the dimension of the vector space 
spanned by {E'' \ k > 0} is 2, then E^ = foE° + fiE with E^fi = 2 (c.f. Lemma U (i)). 
Hence 

E = l{Zo- {E'fo) E'} . 

By definition, the quantum cohomology is non-degenerate. □ 

Now we give some examples where the quantum cohomologies are non-degenerate but 
not semisimple. 

Example 6.10 Let Cg be a complex curve of genus g. We first consider only even 
dimensional cohomology classes if™'^(Cg;C). Since the dimension of the small phase 
space is 2, the quantum cohomology is non-degenerate. However except for g = 0, the 
quantum cohomology of Cg is not semisimple since its first Chern class is either zero or 
negative. In the case of complex one dimensional tori, the Euler vector field is proportional 
to the identity element. Equality (^) is trivially satisfied since 0i = 00 = 0. However we 
can not apply Theorem p.5| yet because Cg has non-trivial odd dimensional cohomology 
classes. The reason is that if we do not consider all cohomology classes, we can not get 
the Euler characteristic number in Borisov's formula (see the proof of Theorem p.3| ). So 
Theorem p.3| , which is a necessary condition for genus-1 Virasoro conjecture, does not 
hold if we only consider even dimensional cohomology classes. 

To prove the genus-1 Virasoro conjecture for Cg with g > 0, we have to consider 
the space of all cohomology classes H*{Cg;C). All theorems stated in the introduction 
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can be extended to manifolds with non-trivial odd dimensional coliomologies without any 
difficulty. Therefore these theorems can be applied to Cg. Since there is no non-constant 
holomorphic maps from a rational curve to Cg, the quantum cohomology of Cg is the 
same as the ordinary cohomology. It follows that i?^ = —{t^YE^ + 2t^E. Therefore the 
quantum cohomology is again non-degenerate but not semisimple. Since the only genus-0 
non-zero Gromov-Witten invariants for Cg are 3-point degree-0 invariants which can be 
computed via cup products, it is straightforward to check that 02 = ^-^t^- Therefore 
equality holds. By theorem |0]^, the genus-1 Virasoro conjecture holds for all complex 
curves. To our knowledge, this result is not known before. 



Example 6.11 Let be a K3 surface. Let 71 be the identity element of the cohomology 
ring of V and be a non-zero element of H^iV). Since ciiV) = 0, 

E = t^-f, - t^jN. 

Because of the selection rule and the puncture equation, on the small phase space, any 
/c-point function involving 'Jn is zero if A; > 4 and the only non-zero 3-point function 
involving •y^ is {{'yNli'yi))^ g- particular, 'Jn * In = 0. Therefore the vector space 
spanned by {E'^ | > 0} is of dimension 2. Hence the quantum cohomology of V is 
non-degenerate. It is not semisimple since Ci{V) = 0. Moreover 71 02 = E^4'2 = 20i = 
by formula (|]), and 

= 0. 

Therefore, by formula (H) again, 02 = -^"02 = 0. Consequently equality holds trivially. 
Hence the genus-1 Virasoro conjecture holds for K3 surfaces. For Calabi-Yau manifolds 
with complex dimension bigger than 2, the Virasoro conjecture holds for dimension reasons 
(c.f. ||G2|] ). Therefore we know that the genus-1 Virasoro conjecture holds for all Calabi- 
Yau manifolds. 

After the ffist version of this paper had been posted on the web, the author was 
informed by Jim Bryan that the Virasoro conjecture for K3 surfaces follows from de- 
formation invariance of the virtual moduli cycle and triviality of moduli space of stable 
maps for generic K3 surfaces except for the genus-1 case where the virtual moduli cycle of 
degree maps is non-trivial. In the genus-1 case, one can use intersection theory on Mi^„ 
to prove it. He also informed the author that F. Zahariev found a combinatorial proof to 
the genus-1 Virasoro conjecture for the 1-dimensional tori. 



Example 6.12 As for the semisimplicity, the non- degeneracy can also be defined for an 
abstract Frobenius manifold in the same way. We consider the Frobenius manifold M„ : = 
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H*{cP") where the Frobenius algebra structure is given by the ordinary cohomology ring 
structure at every point of M„ (c.f. Example 1.5 in ||Du|| ) . It is not semisimple since it 
has nilpotent elements at each point. Let 7 be a non-zero element of H^{CP''). Then 
{7'^ \ < k < n} form a basis of M„, where 7^^ = 7 U ■ ■ ■ U 7. We denote the corresponding 

k 

coordinates hj tk, < k < n. (This notation is different from our convention before 
where superscripts were used instead of subscripts.) The Euler vector field on M„ is 
given hj E = J2k=oi^ ~ k)tk'^^ . It is straightforward to verify that for n < 3, the 
dimension of the vector space spanned by {E^ | /c > 0} is less than or equal to 2. 
Therefore, in this case, Mn is non-degenerate. For n = 4 or 5, i?^ = t^E^ — St^E + StoE"^. 
Therefore Zq = 3tgE° - 6toE + 3E^ and Zk = t^Z^ for > 1. Therefore M4 and M5 
are degenerate. Notice that in this example, the polynomial in Corollary |6.7| is of the 
form pt{x) = (x — IqY . In fact, it is not hard to show that in general, if the dimension 
of the vector space spanned by {E^ | A; > 0} is equal to 3, then the Frobenius manifold 
is non-degenerate unless pt{x) = (x — g{t))^ for some function g. For Mg, we have 
E^ = -t^E^ + UlE - QtlE^ + AtoE'^. Therefore Zq = -AtlE° + mlE - m^E"^ + AE^ 
and Zk = tgZo for /c > 1. Therefore Mg is also degenerate. 
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